AP Calculus BC

Sample Student Responses
and Scoring Commentary

Inside:

Free Response Question 2
M Scoring Guideline
M Student Samples

I Scoring Commentary

© 2019 The College Board. College Board, Advanced Placement, AP, AP Central, and the acorn logo are
registered trademarks of the College Board. Visit the College Board on the web: collegeboard.org.

AP Central is the official online home for the AP Program: apcentral.collegeboard.org.



AP® CALCULUS BC
2019 SCORING GUIDELINES

Question 2

N .
(@) % [ (r(0)) 40 = 3.534292 5. [ 1:integral
" | 1 : answer
The area of S is 3.534.
() —L jﬁ (6) d6 = 1.579933 1 : integral
r = 1. .
Nz =04do 2: { 8
1 : answer
The average distance from the origin to a point on the curve
r=r(0) for 0 < 8 <+x is 1.580 (or 1.579).
(c) tan@ = % =m = 60 =tan"'m 1 : equates polar areas
| ptan~m L1 V7 1 : inverse trigonometric function
5.[0 (r(0))* db = 3(5'[0 (r(0))? dej 3: applied to m as limit of
integration
1 : equation
(d) As k — oo, the circle » = kcos@ grows to enclose all points to 5. 1 : limits of integration
the right of the y -axis. " | 1 : answer with integral

lim A(k) = 1 [ (o) ao

_ %J’:/z(w?sm(ez))z d6 = 3324
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2. Let S be the region bounded by the graph of the polar curve r(8) = 3/@sin (02) for 0 < @ < /%, as shown
in the figure above.
(a) Find the area of S.
Al 2
A= L [ (aNEsin(e") 40 = [3 52
S 2
o
(b) What is the average distance from the origin to a point on the polar curve 7(8) = 3+/8sin (82) for
0oz ?
. 1 ive-
((8) qives the distance from Fhe origin 40 o poit on FhE
\ < < 4’ v
Thtrefore, fhe average dstante o 0 £ 9 = u s
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(c) There is a line through the origin with positive slope m that divides the region § into two regions with
equal areas. Write, but do not solve, an equation involving one or more integrals whose solution gives the

* B

ZA
TFT

value of m.
arctan (m) . Nw . 2
L f (347 sin (9‘)) 46 - éf(a«l?smée )) L
z’ o archan(m)

4

(d) For k > 0, let A(k) be the area of the portion of region § that is also inside the circle 7 = k cos 8. Find

im A(k).

k—>o w2 ) |
im A(k) = ,‘z‘/\(%ﬁs.‘ﬂfez)) dg = {3_324
k> o

As k appfoacthes M, the circle rc kews @ will cover an
[ncreasingly  (afge prion of qua&raﬂ*s U any |V, but because

& 38)  4pe circle well Never cover  the
ws & <0 on (3, A

q
poftion of S Where 3 < g < AT,

ané s 8> 0 on (-5, 1!‘,,)
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Do not write beyond this border.

2. Let S be the region bounded by the graph of the polar curve 7(8) = 3+/@sin (02) for 0 £ 8 £ /7, as shown

in the figure above.

(a) Find the area of S.
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(b) What is the average distance from the origin to a point on the polar curve r(6) = 34/0sin (02) for

0<6<Jym?
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(c) There is a line through the origin with positive slope m that divides the region § into two regions with
equal areas. Write, but do not solve, an equation involving one or more integrals whose solution gives the

value of m. _ fﬁ' ' . ‘

(@) For k > 0, let A(k) be the area of the portion of region S that is also inside the circle r = k cos 6. Find

lim A(k).

k=

oo =332y
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2. Let S be the region bounded by the graph of the polar curve r(6) = 34/8sin (62) for 0 < 6 < /7, as shown

in the figure above.

(a) Find the area of S.

(b) What is the average distance from the origin to a point on the polar curve 7(8) = 3+/@sin (02) for

06<sym?
e 2
) E
o= g A8 s P
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(c) There is a line through the origin with positive slope m that divides the region S into two regions with
equal areas. Write, but do not solve, an equation involving one or more integrals whose solution gives the
value of m.

(d) For k > 0, let A(k) be the area of the portion of region S that is also inside the circle r = k cos 6. Find
lim A(k).
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AP® CALCULUS BC
2019 SCORING COMMENTARY

Question 2
Note: Student samples are quoted verbatim and may contain spelling and grammatical errors.
Overview

In this problem a region S is shown in an accompanying figure, and S is identified as the region enclosed by the
graph of the polar curve () = 3J0 sin(&z) for 0 < 0 <.

In part (a) students were asked to find the area of S. A response should demonstrate knowledge of the form of the
integral that gives the area of a simple polar region and evaluate %J.f (7’((9))2 d 0 using the numerical integration
capability of a graphing calculator.

In part (b) students were asked for the average distance from the origin to a point on the polar curve r = r(6) for

0 < @ < V7. A response should observe that the distance from the origin to a point on the polar curve is given
simply by 7(#) and then should demonstrate that the average value of 7(8) for 0 < @ < v is given by dividing
the definite integral of 7(@) across the interval by the width of the interval. The resulting integral expression should
be evaluated using the numerical integration capability of a graphing calculator.

In part (¢c) m denotes the positive slope of a line through the origin that divides the region S into two regions of
equal areas. Students were asked to write an equation involving one or more integrals whose solution gives the value
of m. A response should express the polar angle 6 formed by the line and the polar axis in terms of m (namely,

0 =tan"'m ) and use this as an upper limit in an integral that corresponds to polar area within an equation satisfying
the given requirements.

In part (d) it is given that A(k) represents the area of the portion of region S that is inside the circle » = kcos9,
and students were asked for the value of klim A(k). A response should observe that any point to the right of the y -
—00

axis will eventually be inside the circle » = kcosé for k sufficiently large. Thus klingo A(k) is the area of the
-

T
portion of S inside the first quadrant, computed as % I 02 (1*(0))2 d@. The resulting integral expression should be

evaluated using the numerical integration capability of a graphing calculator.

For part (a) see LO CHA-5.D/EK CHA-5.D.2, LO LIM-5.A/EK LIM-5.A.3. For part (b) see LO CHA-4.B/EK
CHA-4.B.1, LO LIM-5.A/EK LIM-5.A.3. For part (c) see LO CHA-5.D/EK CHA-5.D.1. For part (d) see LO CHA-
5.D/EK CHA-5.D.2, LO LIM-5.A/EK LIM-5.A.3. This problem incorporates the following Mathematical Practices:
Practice 1: Implementing Mathematical Processes and Practice 4: Communication and Notation.

Sample: 2A
Score: 9

The response earned 9 points: 2 points in part (a), 2 points in part (b), 3 points in part (c), and 2 points in part (d).
N 2
In part (a) the response earned the first point for the integral Io i (3\/5 sin(&2 )) d@. The factor of % is not part
of this point. The second point was earned for the boxed answer 3.534. In part (b) the response earned the first
. : Vz (2 - . . o
point for the integral .[0 3V sm(H ) d6 in line 3. The denominator vz — 0 is not part of this point. The second

point was earned for the answer 1.580 in line 3. In part (¢) the response earned the first and third points for the
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AP® CALCULUS BC
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Question 2 (continued)

equation %J.:Ctan(m)(%/? sin(e2 ))2 4o =+ G (3\/5 sin(t92 ))2 d@. The first point is for equating polar

2 Jarctan(m)
areas; in this case, the area of the region from 0 to arctan(m) is equal to the area of the region from arctan (m)

to V7. The third point is for a correct equation. The second point was earned for the limit arctan(m) in the

definite integrals. In part (d) the response earned the first point for the limits of 0 and % on the definite integral
1 = . 2112 . . .. .
3 .[02 (3@ sm(é’ )) d@ inline 1. The second point was earned for the answer 3.324 in line 1 in the presence of

T
=z 2
the definite integral %.[02 (3«/5 sin(é’2 )) d@. The commentary that is in lines 2—5 is correct but not required to

earn any points.

Sample: 2B
Score: 6

The response earned 6 points: 2 points in part (a), 2 points in part (b), no points in part (c), and 2 points in part (d).
Jr

In part (a) the response earned the first point for the integral I() g (1”(6’))2 d@ in line 1. The factor of % is not part

of this point. The second point was earned for the answer 3.534 in line 1. The definite integral

1 (V= (22 . . ) .
3 .[0 (3«/5 sm(& )) d@ in line 2 is a correct restatement of line 1. In part (b) the response earned the first point

N
for the integral Io g r(0) dO in line 2. The factor of is not part of this point. The second point was earned

1
-0
for the answer 1.580 in line 2. The definite integral T Io (3@ sm(49 )) d@ in line 3 is a correct restatement of

T
line 2. In part (c) the response did not earn the first point because the definite integrals

%Iom(r(@)) d6 = %If(r(ﬁ)) d6 inline 1 and %jo’"(wﬁsm(ez)) do = %jf(z»dﬁsm(#)) d@ inline 2 do

not represent polar area because the expression for (&) is not squared. The second point was not earned because

the limit of integration does not involve an inverse trigonometric function applied to m. The response is not
eligible for the third point because the third point requires that both the first and second points have been earned.

z
In part (d) the response earned the first point for the limits of 0 and % on the definite integral % J 02 (r(ﬁ))2 do.

The second point was earned for the answer 3.324 in line 1 in the presence of the definite integral

T
% J-oz (7(0))* df. The commentary below the boxed work is correct but not required to earn any points.

Sample: 2C
Score: 3

The response earned 3 points: 2 points in part (a), no points in part (b), 1 point in part (c), and no points in part

. . r . 21\2 1.
(d). In part (a) the response earned the first point for the integral J.o (3\/5 s1n(t9 )) d@. The factor of 5 is not
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Question 2 (continued)

part of this point. The second point was earned for the correct answer 3.534. In part (b) the response did not earn

2
the first point because an indefinite integral % J (3«/5 sin(¢92 )) d@ is presented instead of a definite integral;
T

2
additionally, (3@ sin(¢92 )) appears as the integrand instead of 36 sin(@2 ) The second point was not earned

because no numerical answer is presented. In part (¢) the response earned the first point for equating polar areas
2 N 2
with lJ-m(3x/55in(6’2 )) do = lj " (3«/55in(«92 )) d0; in this case, the area of the region from 0 to m is equal
2Jo 2dm

to the area of the region from m to vz. The second point was not earned because the limit of integration does not
involve an inverse trigonometric function applied to m. The response is not eligible for the third point because the
third point requires that both the first and second points have been earned. In part (d) the first point was not

earned because no definite integral is presented with limits 0 and % The second point was not earned because

the answer 3.534 in line 4 on the right is incorrect and is not in the presence of a definite integral.
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